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Abstract. Study of the N ≈ Z nuclei in the mass-80 region is not only interesting due to the existence
of abundant nuclear-structure phenomena, but also important in understanding the nucleosynthesis in
the rp-process. It is difficult to apply a conventional shell model due to the necessary involvement of
the g9/2 sub-shell. In this paper, the projected shell model is introduced to this study. Calculations are
systematically performed for the collective levels as well as the quasi-particle excitations. It is demonstrated
that calculations with this truncation scheme can achieve a comparable quality as the large-scale shell
model diagonalizations for 48Cr, but the present method can be applied to much heavier mass regions.
While the known experimental data of the yrast bands in the N ≈ Z nuclei (from Se to Ru) are reasonably
described, the present calculations predict the existence of high-K states, some of which lie low in energy
under certain structure conditions.

PACS. 21.60.-n Nuclear structure models and methods

1 Introduction

The proton-rich nuclei with particle number around 80
exhibit phenomena that are unique to this mass region.
Unlike most heavy nuclei that have a stable deformation,
the structure changes are quite pronounced among neigh-
boring nuclei, and this mass region is often characterized
by shape coexistence. In addition, for N ≈ Z nuclei, there
is an open question: whether the neutron-proton correla-
tions play an important role in the structure analysis. Fi-
nally, low-lying K-isomeric states can exist in the Z ∼ 34
nuclei at an oblate minimum, and in the Z ∼ 44 nuclei at
a prolate one.

The study of these proton-rich nuclei is not only inter-
esting from the nuclear-structure point of view, but also
has important implications in nuclear astrophysics. Since
heavy elements are made in stellar evolution and explo-
sions, nuclear physics, and in particular nuclear structure
far from stability, enters into the stellar modelling in a
crucial way. It is believed that these proton-rich nuclei
near the N = Z line are synthesised in the rapid-proton
capture process (the rp-process) under appropriate astro-
physical conditions, resulting in the creation of nuclei far
beyond 56Ni all the way to the proton-rich regions of the
chart of nuclides [1,2]. The X-ray burst is suggested as a
possible site. However, the nucleosynthesis and the cor-
related energy generation are not completely understood.
In addition to the uncertainty of the astrophysical condi-
tions, network simulations of the rp-process are hindered
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by the lack of experimental information on the structure
of nuclei along the rp-process path [1]. Nuclei of particu-
lar interest to the rp-process are the N = Z waiting-point
nuclei [1].

Most of the nuclei in the mass-80 region are strongly
deformed. At the deformed potential minimum, the high-
j g9/2 orbital intrudes into the pf -shell near the Fermi
levels. Therefore, the g9/2 orbitals dominate the low-lying
structure of these nuclei, and these orbitals have to be
included in the model space. A direct inclusion of the
g9/2 sub-shell into a conventional shell model calculation is
technically difficult. This strongly suggests a proper con-
struction of a shell model basis that is capable of describ-
ing the undergoing physics within a manageable space.

The projected shell model (PSM) [3] is a shell model
that builds its model space in a deformed basis. Unlike a
conventional shell model that starts from a spherical basis,
the PSM uses a deformed basis to start with. In this way, a
large model space can be easily included and many nuclear
correlations are already constructed before a configuration
mixing is carried out. This makes shell model calculations
for a heavy system possible. In the long history of the
shell model development along this line, there have been
different types of approaches (see, for example, refs. [3–
7]). Although these methods differ very much in details in
the way of building the shell model bases and/or choosing
effective interactions, they share the common characteris-
tic that the model space is first constructed by physical
guidance. The final diagonalization can therefore be car-
ried out in a highly compact space, with each of the bases
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being a complicated combination in terms of the conven-
tional shell model basis states.

The present paper applies the PSM to the study of
proton-rich nuclei in the mass-80 region. We shall first
demonstrate through the example of the 48Cr calculation
that the highly truncated calculations performed by the
PSM can in fact achieve a comparable quality as the large-
scale shell model diagonalizations. However, the present
method can certainly be applied for much heavier mass
regions. Based on the successful reproduction of the known
experimental data of the yrast bands in the N ≈ Z nuclei
(from Se to Ru), the present calculations further predict
the existence of K-isomeric states, some of which lie low
in energy under certain structure conditions. These low-
energy isomers could have significant effects in the nucleo-
synthesis along the rp-process path.

2 The projected shell model

2.1 Outline of the model

In a PSM calculation, the shell model truncation is first
achieved within the quasi-particle (qp) states with respect
to the deformed Nilsson + BCS vacuum |φ〉; then rota-
tional symmetry (and number conservation if necessary)
are restored for these states by standard projection tech-
niques [8] to form a spherical basis in the laboratory frame;
finally the shell model Hamiltonian is diagonalized in this
basis. If one is mainly interested in the collective rotation
with qp excitation, the truncation obtained in this way
is very efficient. Usually, quite satisfactory results can be
obtained by a diagonalization within a dimension smaller
than 100. Clearly, such an approach lies conceptually be-
tween the two extreme methods [9]: deformed mean-field
theories and conventional shell model, and thus can take
the advantages of both.

The central technical question in this regard is how
to compute the matrix elements in the projected states.
Following the pioneering work of Hara and Iwasaki [10],
a systematic derivation has been obtained for any one-
and two-body operators (of separable forces) with an arbi-
trary number of quasi-particles in the projected states [3,
11]. In principle, the projected multi-qp basis recovers the
full shell model space if all the quasi-particles in the va-
lence space are considered in building the multi-qp states.
However, the advantage of working with a deformed ba-
sis is that the selection of only a few quasi-particles near
the Fermi surface is already sufficient to construct a good
shell model space. The rest can be simply truncated out.

The set of multi-qp states relevant to the present study
(of even-even systems) is

|Φκ〉 =
{
|0〉, a†ν1

a†ν2
|0〉, a†π1

a†π2
|0〉, a†ν1

a†ν2
a†π1

a†π2
|0〉

}
, (1)

where a†’s are the qp creation operators, ν’s (π’s) denote
the neutron (proton) Nilsson quantum numbers which run
over the low-lying orbitals, and |0〉 the Nilsson + BCS
vacuum (or 0-qp state). Since the axial symmetry is kept

for the Nilsson states, K is a good quantum number. It
can be used to label the basis states in eq. (1).

As in the usual PSM calculations, we use the Hamil-
tonian of separable forces [3]

Ĥ = Ĥ0 − 1
2
χ

∑
µ

Q̂†
µQ̂µ −GM P̂ †P̂ −GQ

∑
µ

P̂ †
µP̂µ, (2)

where Ĥ0 is the spherical single-particle Hamiltonian
which in particular contains a proper spin-orbit force,
whose strengths (i.e. the Nilsson parameters κ and µ)
are taken from ref. [12]. The second term in the Hamil-
tonian is the quadrupole-quadrupole (Q-Q) interaction
and the last two terms, the monopole and quadrupole
pairing interactions, respectively. Residual neutron-proton
interactions are present only in the Q-Q term. It was
shown [13] that these interactions simulate the essence
of the most important correlations in nuclei, so that even
the realistic force has to contain at least these compo-
nents implicitly in order to work successfully in the struc-
ture calculations. As long as the physics under consider-
ation is mainly of the quadrupole-and-pairing–type col-
lectivities, we find no compelling reasons for not using
these simple interactions. The interaction strengths are
determined as follows: the Q-Q interaction strength χ
is adjusted by the self-consistent relation such that the
input quadrupole deformation ε2 and the one resulting
from the HFB procedure coincide with each other [3].
The monopole pairing strength GM is taken to be GM =
(G1 −G2(N − Z)/A) /A for neutrons and GM = G1/A
for protons, which was first introduced in ref. [14]. The
choice of the strengths G1 and G2 depends on the size
of the single-particle space in the calculation. Finally, the
quadrupole pairing strength GQ is assumed to be propor-
tional to GM , the proportionality constant is usually taken
in the range of 0.16–0.20.

The eigenvalue equation of the PSM for a given spin I
takes the form

∑
κ′

{
HI

κκ′ − EIN I
κκ′

}
F I

κ′ = 0, (3)

where the Hamiltonian and norm matrix elements are re-
spectively defined by

HI
κκ′ = 〈Φκ|ĤP̂ I

KK′ |Φκ′〉, N I
κκ′ = 〈Φκ|P̂ I

KK′ |Φκ′〉, (4)

and P̂ I
MK is the angular-momentum projection opera-

tor [8]. The expectation values of the Hamiltonian with
respect to a “rotational band κ” HI

κκ/N
I
κκ are called the

band energies. When they are plotted as functions of spin
I, we call it a band diagram [3]. It usually provides us
with a useful tool for interpreting results.

2.2 An example: 48Cr

48Cr is a light nucleus for which an exact shell model di-
agonalization is feasible, yet exhibits remarkable high-spin
phenomena usually observed in heavy nuclei: large defor-
mation, typical rotational spectrum and the backbending
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Fig. 1. Top panel: the γ-ray transition energies Eγ = E(I) −
E(I − 2) as functions of spin. Bottom panel: the B(E2) values
as functions of spin. The experimental data are taken from
ref. [16] and the result of pf -SM from ref. [9]. The PSM and
GCM results are taken from ref. [15].

in which the regular rotational band is disturbed by a sud-
den irregularity at a certain spin. This nucleus is therefore
an excellent example for theoretical studies, providing a
unique testing ground for various approaches [9,15].

In the PSM calculations for 48Cr, three major shells
(N = 1, 2, 3) are used for both neutrons and protons. The
strengths of the monopole pairing forces are chosen as
G1 = 22.5 and G2 = 18.0 [14]. The quadrupole pairing
strength GQ is fixed as 0.2GM . The shell model space is
truncated at the deformation ε2 = 0.25.

In the top panel of fig. 1, the results of the PSM for the
γ-ray energy along the yrast band, together with that of
the pf -shell model (pf -SM) reported in ref. [9] and that of
the Generator Coordinate Method (GCM) [15], are com-
pared with the experimental data [16]. One sees that the
four curves are bunched together over the entire spin re-
gion, indicating an excellent agreement of the three cal-
culations with each other, and with the data. The sudden
drop in Eγ occurring around spin 10 and 12 corresponds
to the backbending in the yrast band of 48Cr.

In the bottom panel of fig. 1, the three theoretical re-
sults for B(E2) are compared with the data [16]. All the
three calculations use the same effective charges (0.5e for
neutrons and 1.5e for protons). Again, one sees that the
theoretical descriptions agree not only with each other but

also with the data quite well. The B(E2) values decrease
monotonously after spin 6 (where the first band crossing
takes place in the PSM). This implies a monotonous de-
crease of the intrinsic Q-moment as a function of spin,
reaching finally the spherical regime at higher spins. This
implies also that the final results of shell model calcula-
tions do not depend on the choice of the single-particle
states (spherical or deformed) in building a shell model
space.

Figure 1 indicates that the PSM is a reasonable shell
model truncation scheme as it reproduces the result of the
large-scale pf -SM very well. Furthermore, the advantage
of the PSM is that it is able to extract the undergoing
physics. Here, it is to understand why and how the back-
bending occurs. A band diagram displays band energies of
various configurations before they are mixed by the diag-
onalization procedure eq. (3). Irregularity in a spectrum
may appear if a band is crossed by another one at a cer-
tain spin. It was found [15] that in 48Cr, the backbending
is caused by a band crossing that corresponds to a simul-
taneous alignment of f7/2 neutron and proton pairs.

Following the success in the 48Cr calculation, it has
been demonstrated in ref. [17] that the PSM can, using
the same set of parameters as used for 48Cr, describe the
odd-mass nuclei 47,49V, 47,49Cr and 49,51Mn, which have
also been extensively studied with the large-scale pf -SM
diagonalizations [18]. Another recent PSM work [19] has
shown that the model can be applied to the odd-odd nuclei
near the N = Z line as well.

3 The N ≈ Z nuclei in the mass-80 region

3.1 Properties of the yrast bands

In N = Z nuclei, neutrons and protons occupy the same
orbitals, and thus can have the largest probability to in-
teract with each other. The study of N = Z nuclei is the
domain which is expected to give the most relevant infor-
mation about the properties of the neutron-proton (n-p)
interaction. An interesting question for the yrast band
properties is whether the expected strong n-p interaction
will modify the rotational-alignment picture in N = Z nu-
clei. It has been suggested using cranking approaches in
a single-j shell (see the references cited in ref. [20]) that
the rotational-alignment properties can be modified by the
residual n-p interaction. The recently observed alignment
delays in 72Kr, 76Sr, and 80Zr [21] were conjectured as pos-
sible consequences of the strong n-p pairing interaction.

Experimentally, locating the band crossings in these
N ≈ Z nuclei is a very challenging task. The main diffi-
culty in extending the study of N = Z nuclei to high spins
is that their population has extremely low cross-sections
in the small number of available reactions. Despite the dif-
ficulties, progress in the development of large γ-ray arrays
and associated ancillary detectors, and refinements of the
data processing techniques, has allowed recent advance in
the knowledge of some heavier N = Z nuclei (see, for
example, refs. [21–24]).
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Table 1. Deformations ε2 at which the projected bases are
constructed for the nuclei presented in fig. 2.

N = Z nuclei ε2 N = Z + 2 nuclei ε2

72Kr 0.36 74Kr 0.36
76Sr 0.36 78Sr 0.36
80Zr 0.36 82Zr 0.29
84Mo 0.28 86Mo 0.22
88Ru 0.23 90Ru 0.16

Parallel to the experimental efforts, a systematic in-
vestigation for the yrast properties of the N = Z, Z + 2,
and Z + 4 in Kr, Sr and Zr nuclei has been carried out
with the PSM [25]. The calculations described reasonably
well most of the observables (moments of inertia, transi-
tion quadrupole moments and g-factors) known for these
nuclei, with a notable exception: the very pronounced
delay in the crossing frequency in 72Kr [21]. To under-
stand this disagreement, a more detailed PSM analysis
for the N = Z Kr, Sr and Zr nuclei was subsequently
performed [20]. While the inclusion of an empirically en-
hanced residual n-p interaction in the Q-Q channel was
found helpful to improve the agreement with the data,
it was realized also that this enhancement offsets the
good agreement previously obtained for the N �= Z nu-
clei 74,76Kr with the standard interaction strength [20].

Very recently, the observation of another band in 72Kr
has been reported [24], which solved our puzzle why the
72Kr rotational-alignment should exhibit such an unusual
behavior as suggested in ref. [21]. Calculations show that
this new band could be the missing aligned S-band, which
lies much closer than predicted [25].

To show to what extent the yrast properties of these
nuclei can be understood by the PSM in a systematical
way, we have calculated the N = Z and N = Z + 2 iso-
topes from Z = 36 to 44. The calculations are performed
by using three major shells (N = 2, 3, 4) for both neutrons
and protons, with the pairing interaction strengths G1 =
20.25 and G2 = 16.20, and the quadrupole pairing con-
stant GQ = 0.16GM , for all the nuclei considered (these
strengths are the same as those used in ref. [25]). Table 1
lists the deformation parameters at which the shell model
spaces are constructed. The results are presented in fig. 2.

As can be seen, the standard PSM calculations de-
scribe quite well the moments of inertia of the N = Z + 2
nuclei up to the highest measured spin. In particular, the
fine structure at the band crossing regions is quantita-
tively reproduced. The calculations also predict well the
known data for the N = Z nuclei in this region. Going
from lighter to heavier nuclei along the N = Z line, one
finds that the degree of band disturbance varies, exhibiting
backbend (Kr), no bend (Sr), slight upbend (Zr), upbend
(Mo), backbend (Ru). The PSM analysis suggests that
this systematical behavior in band disturbance may be
analogous to what is known in the rare-earth region [26].
From Kr to Ru isotopes, the closest orbitals to the Fermi
levels move gradually from K = 1/2 and 3/2 to K = 5/2
and 7/2 states of the g9/2 shell. Since the crossing bands
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Fig. 2. Comparison of the calculated yrast energy levels with
known data for N = Z and N = Z + 2 nuclei in the plots
of moment of inertia �(1)(I) = (2I − 1)/Eγ(I → I − 2) vs.
rotational frequency ω(I) = Eγ(I → I − 2)/2.

are the 2-qp states having components from the near-
Fermi orbitals, different shell fillings make the effective
band interactions at the crossing region rather different,
resulting in different disturbances in the yrast bands.

However, it is still an open question whether the stan-
dard set of the PSM interactions is sufficient to describe
the yrast properties of these N = Z nuclei. The present
data for 80Zr [21], 84Mo [22], and 88Ru [23] stop just
before the spin states where band disturbances are pre-
dicted to occur. The PSM calculations with an empirically
enhanced n-p interaction (results not shown) suggested
higher alignment frequencies [22]. Thus, although the ex-
isting experimental data seem to indicate some delays of
the alignment frequency in comparison with the neighbor-
ing N = Z + 2 nuclei, one cannot immediately relate this
to an enhancement of the n-p interaction. From fig. 2 one
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may only conclude that at least two or three more yrast
transitions are very much desired in these N = Z nuclei
for a better testing of the PSM predictions.

3.2 High-K states

In an axially deformed system, K is a good quantum num-
ber. The conservation of K leads to selection rules for
transitions involving changes in K between the initial and
final states, which in turn lead to decay hindrances result-
ing in isomers. Depending on the degree of the transition
hindrance, some high-K states can be very long-lived [27].
Long-lived isomers are not only interesting from the struc-
ture point of view, they may also be found important in
the interdisciplinary fields. For nuclear astrophysics, infor-
mation regarding the structure of isomeric states and the
nearby states is very valuable. One recent example [28,
29] is the study of the excitation and decay of 180Tam

in understanding the nuclear astrophysics puzzle on the
production and survival of 180Ta in stars.

It has been argued that the existence of isomers in
nuclei along the rp-process path could significantly mod-
ify the current conclusions on the nucleosynthesis and the
correlated energy generation in X-ray bursts [1]. Along
the N = Z line, there are waiting-point nuclei whose
lifetimes entirely determine the speed of nucleosynthesis
towards heavier nuclei and the produced isotopic abun-
dances. The lifetimes are strongly dependent on the pho-
todisintegration rates, the β-decay rates, and particularly
on the masses of nuclei along the path. If there are iso-
meric states in the low-energy region in these nuclei, the
total β-decay half-life of an isotope, for example, can be
affected strongly if an isomeric state is populated and has
a significantly different β-decay half-life compared to the
ground state. Therefore, knowing the existence and the
structure of the isomers could have a significant impact.

A shape coexistence phenomenon has been observed in
the mass-80 region. There is evidence that at Z ∼ 34 the
oblate shape can be energetically favored, while for heavier
nuclei (with Z ∼ 44) the prolate shape dominates. It is
interesting to realize that near the N ≈ Z line, in both
deformed energy minima (oblate for Z ∼ 34 and prolate
for Z ∼ 44 systems), the K-components of the g9/2 sub-
shell are found to be high. Among the nuclei discussed
in this paper, the K = 7/2 and 9/2 orbitals lie close to
the Fermi levels in the Se isotopes at oblate deformations,
and the K = 5/2 and 7/2 orbitals are found near the
Fermi levels in the Zr, Mo, and Ru isotopes at their prolate
minima. Quasi-particles of these orbitals can couple to a
K = 8 2-qp state in the former, and a K = 6 2-qp state
in the latter case.

In table 2, the predicted energy levels of the Iπ = 6+

states (relative to the ground state) in the N = Z and
N = Z + 2 Zr, Mo, and Ru isotopes are given. Our pre-
diction is based on realistic calculations that have rea-
sonably reproduced all the known structure data in these
nuclei (see fig. 2). To indicate how high these states lie
above the yrast band, energies of the Iπ = 6+ levels in
the ground band are also shown. It is worth pointing out

Table 2. The predicted energy levels of the Iπ = 6+ state
(relative to the ground state) in N = Z and N = Z +2 nuclei.
The calculated Iπ = 6+ levels in the ground band are also
shown.

Nuclei E(Iπ = 6+
ground) (MeV) E(Iπ = 6+

isomer) (MeV)

80Zr 1.65 4.19
82Zr 1.91 3.71
84Mo 2.03 3.53
86Mo 2.51 3.21
88Ru 2.35 3.14
90Ru 2.17 2.38

that the same K-components that couple to a K = 6 2-
qp state can give rise to a crossing band if they couple
to a K = 1 2-qp state, causing the band disturbances as
discussed in fig. 2.

3.3 Structure of the waiting-point nucleus 68Se

The predicted shape coexistence in 68Se seems to be firmly
suggested by the recent experimental data [30]. Two coex-
isting rotational bands were identified, with the ground-
state band having properties consistent with collective
oblate rotation, and the excited band having character-
istics consistent with prolate rotation. Our PSM calcula-
tions are performed for 68Se at deformation ε2 = 0.28 for
the prolate states, and ε2 = −0.24 for the oblate states.
The calculation conditions are the same as used for the nu-
clei in fig. 2, except for slightly reduced pairing strengths:
G1 = 19.58 and G2 = 15.66. In addition, we found that
the recently suggested Nilsson parameter set [31] works
better for the description of 68Se.

Figure 3 compares the results of 68Se for the lowest
levels of each spin, and at the prolate and oblate min-
ima. Good agreement has been obtained for the known
oblate band. The calculations suggest a gradual increase
in the moment of inertia extended to higher-spin states
beyond the current experimental band [30]. In contrast,
the moment of inertia of the prolate band behaves rather
differently. The data bend back sharply as the rotational
frequency increases. This basic feature in the prolate band
has also been reproduced by the calculation. In addition
to the observed sharp backbending at spin 8, we predict
a second sharp backbending at spin 16.

At the prolate minimum in 68Se, the Fermi levels are
surrounded by the low-K states, whereas at the oblate
minimum, they are near the high-K states. The low- and
high-K states respond rather differently to the rotation,
which is reflected in very different rotational alignments.
Detailed analysis [32] using the band diagrams suggested
that the K = 1 band based on g9/2 quasi-particles with
K = 7/2 and 9/2 at the oblate minimum crosses the 0-qp
band so gently that one cannot see a band disturbance in
the yrast solution. However, the K = 1 band based on
g9/2 quasi-particles with K = 1/2 and 3/2 at the prolate
minimum crosses the 0-qp band sharply. In the latter case,
the regular band is disturbed, resulting in the observed
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Fig. 3. Comparison of the calculated yrast energy levels with
known data in 68Se in the plot of moments of inertia �(1)(I) =
(2I−1)/Eγ(I → I−2) vs. rotational frequency ω(I) = Eγ(I →
I − 2)/2. The experimental data are taken from ref. [30].

first backbending. The predicted second backbending is
caused by a crossing of the 4-qp band that consists of a
proton and a neutron pair [32].

In the same calculation, we predict high-K bands
(K = 8) with a bandhead of spin 8 and an excitation
energy of 5 MeV. These can be long-lived isomeric states
in the sense that no allowed γ-transition matrix elements
of low multipolarity can connect these states to the nearby
ground band (K = 0). Thus, once the isomeric states are
populated, the high-K states find no path for further γ-
decay. An analysis with inclusion of the isomeric states in
the rp-process network simulations is in progress [33].

4 Summary

One of the frontiers in nuclear physics is the study of
nuclei far from the β-stability. It is desired to apply ad-
vanced shell model diagonalization methods while pushing
the calculations to heavy nuclear systems. However, most
of the spherical shell model calculations are severely lim-
ited in the fp-shell nuclei or nuclei in the vicinity of shell
closures.

We have shown that the projected shell model may
be an efficient truncation scheme of the exact shell model
solution. In the calculation for 48Cr, the PSM results are
comparable with those obtained by the large-scale shell
model calculations. Systematic calculations are performed
for the collective levels as well as the quasi-particle exci-
tations for the N ≈ Z nuclei in the mass-80 region. While
the known experimental data of the yrast bands (from
Se to Ru) are quantitatively described, the present cal-
culations predict the existence of high-K states, some of
which lie low in energy under structure conditions. We
hope that these states can be identified experimentally. It
will be highly interesting to see how much their presence
modifies the current conclusions of the rp-process nucleo-
synthesis.
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curescu and C.A. Ur for motivating him to study this inter-
esting mass region. Valuable discussions with J.A. Sheikh and
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supported by the NSF under contract No. PHY-0140324.
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